Abstract. Given a real analytic set X in a complex manifold and a positive integer d, denote by A d the set of points p in X at which there exists a germ of a complex analytic set of dimension d contained in X. It is proved that A d is a closed semianalytic subset of X.
Introduction and Main Results
Existence or non-existence of complex analytic germs in a given real hypersurface X of a complex manifold plays an important role in the theory of holomorphic mappings. A particularly interesting case is when X is real analytic. For example, in [6] Diederich and Fornaess showed that a compact real analytic set X in C n does not contain germs of complex analytic sets of positive dimension. If X is not compact, then the set A 1 of points p in X such that there exists a positivedimensional complex analytic germ Y p with Y p ⊂ X p is non-empty in general. It is a natural problem to describe the structure of the set A 1 . D'Angelo [5] , and Diederich and Mazzilli [7] using different methods proved that A 1 is closed in X. In [7] the authors also asked whether A 1 is a real analytic subset of X. Our main theorem answers this question. denote the set of points p in X such that X p , the germ of the set X at p, contains a complex analytic germ of dimension d. Then A d is a closed semianalytic subset of X, for every d ∈ N. Moreover, if X is real algebraic, then A d is semialgebraic in X.
The proof of closedness of A d , given in Proposition 3.2, is similar in the spirit to [7] (where it is done for A 1 ), but we do not use volume estimates or Bishop's theorem. Instead, our proof purely relies on properties of Segre varieties. The following example, which is due to Meylan, Mir, and Zaitsev [11] , shows that the set A d is not in general real analytic. Consider X = (z 1 , . . . , z 4 ) ∈ C 4 : x , where z j = x j + iy j , j = 1, . . . , 4. Near (1, 1, 0, 0) the set X is a smooth real algebraic manifold. For every point z in X with x 4 ≥ 0 there is a complex line passing through z and contained in X. But if x 4 < 0, then X can be expressed as a graph of a strictly convex function, and therefore there cannot be any germs of 2000 Mathematics Subject Classification. 32B10, 32B20, 32C07, 32C25, 32V15, 32V40, 14P15. J.Adamus and R.Shafikov were partially supported by Natural Sciences and Engineering Research Council of Canada discovery grants.
positive-dimensional complex analytic sets. Thus A 1 coincides with X ∩ {x 4 ≥ 0}, which is semianalytic (even semialgebraic) but not analytic. Remark 1.2. Another (in a sense, dual) question that can be asked about a germ X p of a real analytic set, is what is the smallest dimension of a complex analytic germ at p containing X p , and what can be said about the structure of the subset of X along which this minimal dimension is realized. It is shown in [1, Thm. 1.5 ] that for an irreducible real analytic subset X of C n of pure dimension d > 0 this so-called holomorphic closure dimension attains its minimum h outside a closed semianalytic subset S ⊂ X of dimension less than d. In fact, X \ S is a CR manifold of CR dimension d − h. Interestingly, X does not in general admit semianalytic (not even subanalytic, see [1, Ex. 6.3] ) stratification by holomorphic closure dimension beyond S. By comparison, Theorem 1.1 implies a semianalytic stratification of X, X = A 0 ⊃ A 1 ⊃ · · · ⊃ A n−1 .
Seminanalyticity will be a consequence of the description of the set A d given in Theorem 1.4 below. We first need to introduce some notation. Let ̺(z, z) be a real analytic function on some open polydisc V ⋐ C n given by a power series convergent in a neighbourhood of V such that
As in the smooth case (see, e.g., [14] ), for a point w ∈ V , we define the Segre variety of w as
For more about Segre varieties see Section 2. Geometric properties of these varieties will play a crucial role in the proof of Theorem 1.4. Let κ be a positive integer, and let n ≥ 1 be the complex dimension of the ambient space of X with variables z = (z 1 , . . . , z n ).
we will denote by z λ the sub-collection of variables (z λ1 , . . . , z λ d ).
Definition 1.3. For any 1 ≤ d ≤ n, and λ ∈ Λ(d, n), we define a κ-grid with d-dimensional base z λ to be a collection of (κ + 1) We denote by B(p, ε) the standard open Euclidean ball of radius ε centred at p. Theorem 1.4. Let X be a closed real analytic subset of an open set in C n , and let V and ̺ be such that (1.1) holds. Let 1 ≤ d < n, and let A d be the set of points p in X such that X p contains a complex analytic germ of dimension d. Then there exists a positive integer κ such that the following two statements are equivalent:
In general, the number κ in Theorem 1.4 depends on the defining function ̺. However, if X is a smooth real analytic hypersurface, then Segre varieties do not depend on the choice of ̺ provided that the differential of ̺ does not vanish on X, and in fact, S w are biholomorphic invariants of X. Thus, in this case κ is also a biholomorphic invariant of X (cf. Section 4).
Another question raised in [7] is whether the set of points on X of infinite D'Angelo type is exactly A 1 . The proof of this fact is given in D'Angelo [5, Sec. 3.3.3, Thm. 4] , however, in [7] validity of this proof is questioned. We address this issue in the last section. Our goal is to clarify the definition of type for real analytic sets, and to give a concise but self-contained proof of the fact that the subset of X of points of infinite type indeed coincides with the set A 1 . Combining this with Theorem 1.1 immediately gives the following result. Corollary 1.5. Given a real analytic set X, the set of points of D'Angelo infinite type is a closed semianalytic subset of X.
Segre Varieties
Given a closed real analytic set X in an open set in C n of arbitrary positive dimension, for any point p ∈ X there exists a neighbourhood V ⊂ C n of p such that X ∩ V is precisely the zero set of a convergent power series
where, for a multi-index β = (β 1 , . . . , β n ) ∈ N n , w β denotes the monomial w c αβ z α w β is also convergent in V × V . For a given w ∈ V define the Segre variety S w of w to be the complex analytic subset of V defined by (1.2).
The set
is a non-empty complex analytic set defined by a single holomorphic function, and hence it is of (pure) dimension 2n − 1. It follows that a fibre {z ∈ V : (z, w) ∈ X c } over a point w, if nonempty, has dimension n − 1 or n. For every point z ∈ X, we have ̺(z, z) = 0, and hence S z is not empty. Therefore, by the analytic dependence of S w on w, there exist polydisc neighbourhoods U 1 ⋐ U 2 ⋐ V of p such that for any w ∈ U 1 , the set S w ∩ U 2 is a non-empty complex analytic subset of U 2 of (pure) dimension either n − 1 or n. To simplify notation, we will write S w for S w ∩ U 2 , whenever w ∈ U 1 . From the definition (1.2), and the fact that ̺(z, z) is real-valued, it follows that for z, w ∈ U 1 ,
Let E be the set of points z in U 1 such that dim S z = n; i.e., S z = U 2 . Then z ∈ E implies z ∈ S z , and therefore E ⊂ X. Furthermore, E = X unless X is itself complex analytic.
Remark 2.1. Apart from properties (2.1) and (2.2), the results of the following sections rely on a few basic properties of complex analytic sets, which we list here for reader's convenience (for details, see [3] or [10] ). Let Y denote a complex analytic subset of an open set in C n . (1) The family of irreducible components of Y is locally finite, and each irreducible component is precisely the set-theoretic closure in Y of a connected component of the regular locus of Y .
(2) The set Y is irreducible iff its regular locus Y reg is a connected manifold. In this case, Y is of pure dimension. Moreover, a proper analytic subset of an irreducible set Y is of dimension at most dim Y − 1.
(3) A point z 0 ∈ Y is regular (i.e., z 0 ∈ Y reg ) iff there are a natural number d, an open polydisc U centered at z 0 , and a sub-collection of variables (z j1 , . . . , z j d ), such that the projection π onto (the linear subspace of C n spanned by) these variables restricted to Y ∩ U is a bijection between Y ∩ U and π(U ). 
By a holomorphic disc through a point p we mean an irreducible one-dimensional complex analytic set Y in a neighbourhood U of p, such that p ∈ Y and Y is the image of a non-constant holomorphic map γ from a disc {ζ ∈ C : |ζ| < δ} to U . We say that the disc is centred at p when γ(0) = p. The following result is essentially a restatement of [6, Claim on p. 383]. It generalizes [7, Lem. 2.5], which states that a holomorphic disc Y through a point z is contained in S z , provided Y ⊂ X. Lemma 2.2. Let X, p, ̺, V, U 1 and U 2 be as above. Suppose that Y is an irreducible complex analytic subset of an open set in U 2 , of positive dimension k, and such that
Proof. Fix a point z 0 ∈ Y . We shall show that Y ⊂ S z0 . For simplicity of notation, assume z 0 = 0. By Remark 2.1 (4), we may choose a neighbourhood Ω × Σ of z 0 , such that Ω is a k-dimensional polydisc, and the projection π :
, with a proper projection onto L z ′ , and hence of dimension one, by Remark 2.1 (5). We may assume that Y z ′ is irreducible, by keeping only one irreducible component of Y z ′ passing through z ′ and z 0 . Then, by the Puiseux theorem (see, e.g., [10,
and so is not a proper subset of Y z ′ , by Remark 2.1 (2) . Thus [6] ). Let X, p, ̺, V, U 1 and U 2 be as above.
Proof.
(1) The Segre varieties S z are complex analytic in U 2 , for z ∈ U 1 , hence so are
Topology of the set of points of positive complex dimension
In this section we prove that A d is closed in X, for any d ≥ 1. The openness of the set of points of finite type in the hypersurface case was established already in [4, Thm. 4.11] , and later extended to smooth real analytic sets of arbitrary codimension in [5] . Via the equivalence between the finiteness of the type at p and the property p / ∈ A 1 , which we recall in Section 6, D'Angelo proved in [5] the openness of X \ A 1 . The result was recently reproved in [7] . In the proof of Proposition 3.2 below, we use Lemma 2.3 to replace complex analytic germs by their representatives in a fixed open set (cf. [7] ), and then show that their Hausdorff limit is contained in a complex analytic set in X that has dimension at least d.
For a non-empty set E ⊂ C n and a point p ∈ C n , put d(p, E) = inf{d(p, q) : q ∈ E}, where d(p, q) is the Euclidean distance between p and q. Recall that U 1 being compact, the space K(U 1 ) of closed subsets of U 1 equipped with the Hausdorff distance
is a compact metric space (see, e.g., [12] ).
Then K is precisely the set of points p for which there is a sequence (p j )
Proposition 3.2. Let X be a closed real analytic subset of an open set in C n , and let A d be the set of points p in X, such that X p contains a complex analytic germ
Proof. Fix d ≥ 1, and let p 0 ∈ X be a limit point of A d . Then there exists a sequence of d-dimensional complex analytic germs (Y j ) pj ⊂ X pj at points p j ∈ X such that p 0 = lim j→∞ p j . We restrict our considerations to neighbourhoods U 1 and U 2 of p 0 , as discussed in Section 2. Without loss of generality, we may assume that the Y j are irreducible.
One difficulty arising here is that the (Y j ) pj may not simultanously admit representatives in a fixed neighbourhood of p. We can, however, replace the Y j by irreducible complex analytic subsets of U 2 by setting
We may also assume that the Y 
and further that
(by throwing out some terms of the sequence, if necessary). Notice that p 0 = lim j→∞ p j belongs to Y 0 , by Remark 3.1.
We will show that Y 0 is contained in a complex analytic set, of dimension at least d, contained in X. Set
where lim H (Y 1 j ∩ U 1 ) is again the limit of (an infinite convergent subsequence of) Y Recall that, for every
Since lim j→∞ p j = p 0 , it follows that, for every δ = (δ 1 , . . . , δ n ) with δ j > 0, all but finitely many Y j have non-empty intersection with a polydisc P (p 0 , δ) = {z = (z 1 , . . . , z n ) ∈ C n : |z j −p 0j | < δ j }. For every j, there exist δ and a generic system of coordinates z = (z 1 , . . . , z d ′ , z d ′ +1 , . . . , z n ) at p 0 , such that Y j ∩ P (p 0 , δ) has proper and surjective projection onto the (z 1 , . . . , z d ′ )-variables (see Remark 2.1 (4)). By (3.2), we may choose a positive δ and a system of coordinates z at p 0 such that all but finitely many of the Y j ∩ P (p 0 , δ) simultaneously have proper and surjective projection onto the (z 1 , . . . , z d ′ )-variables. Therefore the same must be true for the Hausdorff limit Y 0 ∩ P (p 0 , δ), by Remark 3.1. Thus the Hausdorff dimension of (Y 0 ) p0 is at least 2d ′ ≥ 2d, and hence p 0 ∈ A d , which completes the proof of the proposition.
Finiteness and Noetherianity in analytic families
In this section we prove two finiteness properties for intersections of elements in a family of analytic sets that will be used in the proof of Theorem 1.4. We begin with some basic facts about semi-and subanalytic sets.
Recall that a subset E of a real analytic manifold M is called semianalytic if it is locally defined by finitely many real analytic equations and inequalities. More precisely, for each p ∈ M , there is a neighbourhood U of p, and real analytic in U functions f i , g ij , where i = 1, . . . , r, j = 1, . . . , s, such that
A real analytic set is clearly semianalytic. A subanalytic subset E of a real analytic manifold M is one which can be locally represented as the projection of a semianalytic set. More precisely, for every p ∈ M , there exist a neighbourhood U of p in M , a real analytic manifold N , and a relatively compact semianalytic set Z ⊂ M × N such that E ∩ U = π(Z), where π : M × N → M is the natural projection. In particular, semianalytic sets are subanalytic. For details on semi-and subanalytic sets we refer the reader to [2] . The class of semianalytic (resp. subanalytic) sets is closed under natural topological operations: locally finite unions and intersections, set-theoretic differences, complements, topological closures and interiors of semianalytic (resp. subanalytic) sets are semianalytic (resp. subanalytic). Subanalytic sets are furthermore closed under the operation of taking proper projections to linear subspaces. Suppose that for every point a ∈ D 1 , the set S a = {b ∈ Ω 2 : (a, b) ∈ S} is a complex analytic subset of Ω 2 . Then there is a positive integer N such that, for every a ∈ D 1 , the analytic set S a ∩ D 2 has at most N irreducible components.
Proof. By Remark 2.1 (1), it suffices to show that there is a positive integer N such that for every a ∈ D 1 , the analytic set (S a ∩ D 2 ) reg has at most N connected components. Using Remark 4.1, the latter would be a consequence of the subanalyticity of the set 
reg } is thus the proper projection ("there exists") of the complement of the proper projection ("for all") of the complement of the proper projection of a semianalytic set, and is therefore subanalytic.
Using this lemma, we can now prove the following proposition. 
Proof. Given l ≥ 1 and (a 1 , · · · , a l ) ∈ (D 1 ) l , let N (l; a 1 , · · · , a l ) denote the (n + 1)-tuple of natural numbers whose k'th coordinate is the number of irreducible components of dimension n − k + 1 of S a1 ∩ . . . S a l ∩ D 2 .
Applying Lemma 4.2 to the subanalytic set {(a 1 , . . . ,
we conclude that the number of such components of any dimension is bounded above independently of the choice of (a 1 , · · · , a l ) (but a priori not independently of l). Hence N (l; a 1 , · · · , a l ) is well-defined for all (a 1 , . . . , a l ) ∈ (D 1 ) l , and the set
is a finite subset of N n+1 . Let us order N n+1 lexicographically. Observe that
. Indeed, by intersecting S a1 ∩ · · · ∩ S a l with S a l+1 we may only decrease lexicographically the number of irreducible components: an irreducible component Z µ of S a l+1 either contains all the irreducible components of S a1 ∩ · · · ∩ S a l , in which case our (n + 1)-tuple is not affected, or else there is an irreducible component
In the latter case, by Remark 2.1 (2), the set Z µ ∩ W ν is of dimension strictly smaller than k, and so the number of k-dimensional components in S a1 ∩ · · · ∩ S a l+1 is strictly less that that in S a1 ∩ · · · ∩ S a l .
Suppose for a contradiction that the number L from the proposition does not exist. Then for every l ≥ 1, the set N (l; a 1 , . . . , a l ) } is nonempty. Let N (l) denote the (lexicographic) maximum among the tuples N (l; a 1 , . . . , a l ) as (a 1 , . . . , a l ) ∈ T l , and let (b
, for all l ≥ 1. Hence there exists a strictly decreasing infinite sequence of (n + 1)-tuples
. . , which contradicts the fact that ≥ lex is a well-ordering of N n+1 .
be the canonical projection from C n onto (its linear subspace spanned by) the Proof. Use Proposition 4.3 to replace a∈A S a ∩ D 2 by some S a1 ∩ · · · ∩ S aL and then apply Lemma 4.2 to the sets
Proofs of the main theorems
We first prove Theorem 1.4, from which the semianaliticity in Theorem 1.1 will follow.
5.1. Proof of Theorem 1.4. Fix d ≥ 1. We give the proof of Theorem 1.4 for this given dimension.
(i ) =⇒(ii ). Let p ∈ A d be an arbitrary point, and let U 1 and U 2 be neighbourhoods of p as defined in Section 2. Then there exists a complex analytic set Y in a neighbourhood of p, of dimension d, which is contained in X and passes through p. We may assume that Y is irreducible, and hence, by Lemma 2.3 (2),
Let (z 1 , . . . , z n ) be the coordinates in C n . We will show that, for every ε > 0 and κ > 0, there exists λ ∈ Λ(d, n) for which there is a κ-grid
is the graph of a holomorphic mapping in variables z λ . In particular, any set .2)). But as noted earlier,
which shows that G κ λ also satisfies (a) of Definition 1.3.
(ii ) =⇒(i ). Let q ∈ X ∩ V be arbitrary, and let again, U 1 and U 2 be neighbourhoods of q as defined in Section 2. Let κ ≥ 1 be an upper bound for the number of irreducible components of any fibre of z∈Z S z ∩ U 2 for any projection π λ , λ ∈ Λ(d, n), as Z ranges over the subsets of U 1 . Corollary 4.4 applied to the set {(a, b) ∈ C n × C n : ̺(a, b) = 0} insures that this upper bound is finite. Let p ∈ U 1 ∩ X. Suppose that for any ε > 0, there exists a κ-grid with ddimensional base z λ for some λ = (λ 1 , . . . , λ d ), Let
moreover Y 2 ⊂ X, by Definition 1.3 (a) and Lemma 2.3 (3).
For λ as above, we denote by λ (δ) the δ-tuple (λ 1 , · · · , λ δ ) ∈ Λ(δ, n) of the first δ components of λ, δ ∈ {1, . . . , d}. Let us prove by descending induction on δ ∈ {0, . . . , d} that for each p ν ∈ G κ λ the fibre π
(the latter equality being vacuously true if δ = 0).
• For δ = d, it suffices to take any irreducible component of π
passing through p ν (which exists since p ν ∈ Y 2 ).
• Suppose the result holds for δ + 1. Then the collection of subsets of V π −1
By definition of κ and the pigeonhole principle, there is an ir-
Since X µ ∩ X µ ′ = ∅, we get dim X ν ≥ d − δ, for else X ν would be the union of proper analytic subsets X µ , X µ ′ and X ν \ (X µ ∪ X µ ′ ), with dim X µ = dim X µ ′ = dim X ν , contradicting irreducibility of X ν (Remark 2.1 (2)).
The case δ = 0 of the induction provides a point p ν ′ ∈ B(p, ε) ∩ A d . Therefore, p is an accumulation point of A d , and hence p ∈ A d , by Proposition 3.2.
Finally, for any point q ∈ V , there is a pair of neighbourhoods U Let p ∈ X be arbitrary. Let ̺(z, z) be any defining function of X given by a convergent power series in a polydisc neighbourhood V of p. Let κ be as in Theorem 1.4. Define
Then Σ 1 is a real analytic subset of V κ+1 . Let ∆ 1 = {(z 1 , . . . , z κ+1 ) ∈ (C n ) κ+1 : z 1 = · · · = z κ+1 }, and consider the set
The closure of a semianalytic set being semianalytic, S 1 is a semianalytic subset of the diagonal ∆ 1 . One easily checks that the projection to the first coordinate of a semianalytic subset of the diagonal is itself semianalytic. But A 1 ∩ V is precisely the projection of S 1 to the first coordinate, by Theorem 1.4. (z 1,...,1 , . . . , z κ+1,. ..,κ+1 ) ∈ V (κ+1)
and for every λ = (λ 1 , . . . ,
and consider the set
As above, S d is a semianalytic subset of the diagonal ∆ d , and hence its projection to the first coordinate, which is precisely
Finally, suppose that X is real algebraic. Then ̺ is a polynomial, and hence the sets Σ d above are all semialgebraic. It follows that the A d are semialgebraic, for all d ∈ N, which completes the proof of Theorem 1.1.
Appendix: Points of infinite type
In this section we review the basics of D'Angelo's theory of points of finite type. Let, as before, X denote a closed real analytic subset of an open set in C n . Our goal is to clarify the definition of type in the case that X is not a smooth hypersurface, and to give a condensed but self-contained proof of the fact that the subset of X of points of infinite type coincides with A 1 (cf. [5, § 3.3.3, Thm. 4] ). We were motivated, in part, by the claims of incompleteness of the D'Angelo argument (see [7] ). All the proofs presented in this section (modulo minor technical modifications) originate in D'Angelo [4] and [5] .
6.1. Order of contact of a holomorphic ideal. Let O p = n O p denote the ring of germs of holomorphic functions at a point p = (p 1 , . . . , p n ) ∈ C n . By the Taylor expansion isomorphism, we may identify n O p with the ring C{z − p} of convergent power series in z − p, where z = (z 1 , . . . , z n ) is a system of n complex variables. Let m p denote the maximal ideal of the local ring n O p . Let Hol p denote the set of germs of (non-constant) holomorphic mappings from a neighbourhood of 0 in C to a neighbourhood of p in C n (sending 0 to p). Given f = (f 1 , . . . , f n ) ∈ C{ζ} n , we denote by ν(f ) the order of vanishing of f at 0; i.e., ν(f ) := max{k ∈ N : f j ∈ m k , j = 1, . . . , n} if f = 0 in C{ζ} n , and ν(0) := ∞, where m is the maximal ideal of C{ζ}.
X at p as ∆(X, p) := ∆(̺, p). However, the type of a real analytic set X is not well-defined if X is not a hypersurface. Indeed, if the real codimension of X at p is greater than 1, there is no canonical choice of a single defining function, and given two distinct defining functions ̺ 1 , ̺ 2 for X in a neighbourhood of p there need not exist an invertible u with ̺ 2 = u · ̺ 1 . Consequently, the family of ideals I(̺, U, p) associated to X p (see below) is not an invariant of X p , but only of the principal ideal (̺) · O n , and let ̺(z,z) be any real analytic function in a neighbourhood U of a point p ∈ X satisfying X ∩ U = {z ∈ U : ̺(z,z) = 0}. We say that p is a point of finite type of X, when ∆(̺, p) < ∞. Otherwise, p is called a point of infinite type of X.
Remark 6.4. By Proposition 6.7 below, the notion of a point of finite type is well-defined; i.e., independent of the choice of a defining function. Indeed, if ̺ 1 and ̺ 2 are two real analytic functions defining X in a neighbourhood of a point p ∈ X, then ∆(̺ 1 , p) = ∞ iff ∆(̺ 2 , p) = ∞, because both equalities are equivalent to X p containing a positive-dimensional complex analytic germ. of every U j with respect to any complete orthonormal set are bounded in absolute value by 1, hence by the Banach-Steinhaus theorem, one can choose a convergent subsequence from (U j ). By the upper semi-continuity of D(I) = dim C O p /I as a function of I ([13, Ch. II, Prop. 5.3]), the limit operator U ∞ satisfies D(h, f − U ∞ (g), f − (U ∞ ) * (g)) = ∞. Therefore, the zero-set germ Y p of the ideal (h, f − U ∞ (g), f −(U ∞ ) * (g)) is positive-dimensional, by Lemma 6.2. The operator norm of both U ∞ and its adjoint is less than or equal to 1, hence for every z in a (sufficiently small) representative of Y p ,
Thus Y p ⊂ X p , by (6.2), which completes the proof.
